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I. Introduction

1. Introductory Remarks

T is a great privilege to join with you in commemorating

the achievement of the Wright brothers who made the
first mechanical flight of man on December 17, 1903. The
underlying reason for their success was a strong desire to
understand the science of flight before constructing a heavier-
than-air vehicle to accomplish the feat. Through extensive
studies of models in a wind tunnel and in the atmosphere
and, through a careful reassessment of information published
by others, they molded their concept of a successful airplane.
This scientific procedure has become standard and it is regu-
larly used to perfect the designs of modern aircraft with
their ever-increasing performance requirements.

The Wright brothers recognized that they had to under-
stand the mutual interaction of the atmosphere and their
vehicles before a successful design could be devised. So
today considerable energy is being expended to perfect our
concept of flight in the upper atmosphere where the medium
is highly rarefied and new physical effects occur, which must
be understood. In current studies of this subject, not only
models of aerospace vehicles are investigated, but also models
of associated physical processes such as molecule-surface
interactions and even models of the fundamental, but com-
plex, equations which govern the flow.

We present here but one view of a rapidly developing sub-
ject which has many aspects. The objective is to outline
a unified panorama of the mechanics of rarefied gases insofar
as this is presently possible. In the headlong rush of modern
science, it becomes more and more necessary to pause and
try to put together the wider view. Even a limited state-
of-the-art survey must reveal some of the gaps in our knowl-
edge, a few of which are between overextensions of the sub-
ject; these areas require urgent attention.

For further aspects of the subject, the reader’s attention is
drawn to a number of excellent reviews.!™* An extensive
bibliography up to 1961 is contained in Ref. 3. Many inter-
esting papers on rarefied gasdynamics are found in Refs.
5-8.

2. Statistical Basis

A famous American mathematical physicist said: “In the
present state of science, it seems hardly possible to frame a
dynamic theory of molecular action which shall embrace the
phenomena of thermodynamics, of radiation, and of the elec-
trical manifestations which accompany the union of atoms.”
J. Willard Gibbs made that statement in the preface to

his book on the Elementary Principles in Statistical Me-
chanics, published in 1902. Willard Gibbs understood the
importance of unifying theories in physics. More than that,
he did much to establish modern statistical mechanics that
today gives some hope of reducing the fragmentation of fluid
physies produced by the expedient extension of phenomeno-
logical methods into this field.’

In considering the flow properties of a gas and its effect on a
body or wall, we are concerned primarily with the macro-
scopic state. Although Newton’s law is available to trace
the motion of each particle of the gas, nevertheless the initial
positions and velocities are not known, and the calculation of
a.subsequent state of the gas is not feasible by this method.
Furthermore, such detailed information is not required.
The method of statistical mechanics was invented to enable
us to forecast the future conditions of an assemblage from
an incomplete knowledge of the initial state.

As a basic concept from which to determine the ‘‘thermo-
dynamic” (macroscopic) state of a gas, Willard Gibbs visual-
ized an ensemble of replicas of the gas, having different states
distributed over a wide range. The state of each replica
(usually called a system) can be represented by a single point
in a phase space having canonical coordinates ¢, gz, ¢3 . . . ¢s,
D1, Doy . . - ps where S is the number of degrees of freedom of a
particle. The element of volume in this 2S-dimensional
“o space’ is

dqdp = dg dgs . . . dgs dp, dp: . . . dps (1)

Then the probability that a particular state will have coordi-
nates between ¢,, Do a0d ¢y + dga, Pa + dp. is defined as
F(qa Do, t)dq dp, where F is called the distribution function
in the vy space. The Liouville theorem states that the density
of a given group of adjacent phase points remains unaltered
as we follow their motion. - It is expressed mathematically
in the form

oF l:ilib_p _OHOF 1 _ @
ot OPa O 00aOPel

where H is the Hamiltonian function for a system.

When the density of representative points in each element
of volume of the phase space is independent of time, then
OF /ot = 0, and the probability function F has a stationary
value. It will be noted that when F depends on pa, g only,
then F(H) is a solution. More specifically, Gibbs deduced
a macrocanonical distribution for the equilibrium state,
based on the assumption that the energy (e) of the entire
ensemble remains constant, which he found led to all the
well-known thermodynamic relations for a gas. Making use
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Fig. 1 Measurement of the equilibrium distribution
function in helium using an electron gun technique.

of the H theorem (i.e., minimizing the integral S F logF dq
dp), the constancy of e and the condition

SJFdqdp =1 3)

where the integrals are taken over the whole of the + space,
we deduce the following form for the probability distribution
of the equilibrium state:

F(H) = const e~ H/0 4)

where from thermodynamic considerations § = k7.

Now we have seen that F is the distribution function for an
ensemble of replicas of the subject system (or gas). Let us
now introduce a six-dimensional space (called a u space) hav-
ing coordinates ¢;, p: (¢ = 1, 2, 3) in which the gas is repre-
sented by a cloud of points, each of which specifies the posi-
tion and momenta of one of its particles. We define F, as a
single-particle distribution function referred to the ath
particle. Thus F, is the probability that the ath particle
will have coordinates ¢u;, Pa; corresponding to the Hamilton-
ian (or total energy) H, regardless of the states of all other
particles. It is obtained by integrating F over the positions
and momenta of all other particles except the ath. Thus we
find for the equilibrium state

F, = const ¢~ Ha/kT (5)

which is the well-known Maxwell law for the distribution of
particle velocities. Tt should be noted that this distribution
is a statistical fact and does not rely on specific forms of par-
ticle motions (i.e., collisions) to support it.

The form of Liouville’s equation for a gas composed of
neutral particles is readily obtained. The Hamiltonian has
the form

N
_ Pa*
"= a2=:1 l:imcx + %(qa)il ©

where ¢,(qq) is a potential function from which the force
on the ath particle can be derived, i.e.,

Xy = — (a‘pa/aqa) )

The derivatives of H can now be determined and substituted
in (2) to obtain Liouville’s equation for a neutral gas

O¢, OF -
+ az [ 0. g, bpa] 0 ®
In a rectangular coordinate system with q, replaced by x, and
Pao = mu&,y, Liouville’s equation in this 6N-dimensional
(%o, €2) space becomes
X, OF
+Zza +Z———o )

axa a=1 Mgy afa

_The fundamental equation for the single-particle distribu-
tion function is obtained for the ath particle by integrating
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Fig. 2 1dealized orifice probe.

Liouville’s equation with respect to all variables except .,
&.;. Note that the definition of the singe-particle distribution
function is

Fo(Xa, &) = fF dx; ... 0%Xe—1 dXa+1 ...
dxyd& . .. dEa—1dEes1 ... dEx (10)

where dx; is the symbol for dz;,dx.dz:,, ete.  This is the prob-
ability that the ath particle will be at xa, &, irrespective of
the coordinates of all remaining particles. We also need
the definition of the binary distribution function which speci-
fies the joint probability that the coordinates of the ath
particle will be x,, &, at the time the 8th particle has coordi-
nates xg, & in the position-velocity phase space

Faﬁ(xw X3, za) SISI =
SJFdx, ...d%a—1dXat1 ... dXs—1dXg41...dxxdE . ..

déa—1dEx+1 ... dEs 1 dEs11 .. . dExy  (11)

Then the integration of (9) with respect to all variables ex-
cept 2, £qa; Over the whole (X, &) space yields the following
equation for the single—partiele distribution function: -

OF
+ Ea bX "I_ Z fXaBFaﬁdxﬂdEﬂ =0 (12)

=1 ma DZ
ﬁ?fa

where the total force on the ath particle is the sum of the

forces exerted by all other particles on the ath particle, i.e.,

N .
= > Xus (13)
6=1
BH#a

The normalized value of the single-particle probability is
one. Boltzmann has introduced another convenient single-
particle distribution function that is the number density in
the (x,, &, space having the normalization for unit physical
volume

SfdE=n (14)

where #n is the number density in physical space. The mean

(macroscopic) velocity has the components

u:(x, ) = %f&fdf u = £ — ¢ (15)

and the higher moments of f define the pressure tensor and
components of the heat flow vector

pi; = m f ccifd§ & = m [ cicic;fd¥ (16)

Thus a knowledge of the Boltzmann distribution function
at a point in a gas is sufficient to determine the local macro-
scopic properties. Therefore, the determination of f is
fundamental to our subject and we shall find that (12) pro-
vides a basis for relating the regimes of fluid mechanics.

II. Free Molecule Regime

1. Transfer Properties of Free Molecule Flow

We shall begin our discussion of the mechanics of rarefied
gases with a cons1derat10n of the free-molecule regime. If
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the motion is such that the forces between particles have a
negligible effect, then the appropriate equation for the dis-
tribution function is obtained from (12) by dropping the
forece term, or in terms of Boltzmann’s distribution function,

a _ of

dt ot
In other words f remains constant following the motion of
the particles in physical space. Thus f is a constant of the
particle motion.

Calculations in free-molecule flow make frequent use of
the equilibrium condition of a gas specified by (5), which has
been verified by molecular beam methods. A technique for
a direct determination of the velocity distribution function
using electron beam excitation in low-density helium has
been investigated recently by Muntz.® Observation of the
electroluminescence produced a spectral line profile that was
considered to be a close approximation to a true Doppler
profile. Since a linear relation exists between Doppler shift
and the relative velocity between an emitting atom and a
detector, a direct determination of the velocity distribution
function was possible. Preliminary tests gave the measured
distribution shown in Fig. 1, which has the typical Maxwellian
form.

We can illustrate the transfer properties of free-molecule
flow by considering the theory of an orifice pressure probe!®—12
in a gas containing identical particles. We visualize in Fig,. 2
a very low-density flow relative to an enclosure B having a
small orifice of area 68 (Fig. 2). The normal to &S is oriented

+ad-0 an
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[(neCmz)/271/2]68 (19)

We now specify that, in accordance with the properties of
free-molecule motion, the distribution function for the par-
ticles entering the orifice is the same as the distribution fune-
tion for the external gas “‘at infinity”’:

Moo CiCy
foo - (Tl/zcmm);; exp( - c 2) (20)

Meo

where £ = o, + 1, & = ¢, & = ¢3, and the speed ratio is
8 = Uw/¢m,. Then the number of molecules entering the
orifice in unit time is

nmcmw
22

lexp(— 82 cos?y) +
w128 cosy (1 + erfS cosy)] (21)

In the steady state there will be no accumulation of mass in
the enclosure and (19) and (21) will be equal. Thus the
orifice pressure probe is governed by the relation

1/2
$<%> = exp(—S? cos?yY) 4
3 B
w128 cosy(l + erfS cosy) (22)

A pressure probe of cylindrical shape having a small orifice
was investigated experimentally for S < 1 in the University
of Toronto, Institute for Aerospace Studies (UTIAS) low-
density wind tunnel.!* A typical test result is shown in
Fig. 3. The agreement between theory (22) and experiment
is satisfactory and our concepts of free-molecule flux appear

at an angle y relative to the macroscopic motion of the external
gas that is taken along the z; axis. We assume that the gas
inside the enclosure is in equilibrium, the latter being un-
affected by the small stream of particles entering through
the orifice, i.e., in accordance with (5):

to be verified in an over-all sense. Essentially this experi-
ment indicates that at very low density there exists a flow
such that the particles emerging from the orifice and the
surrounding surface of the body neither collide among them-
selves nor interfere with those reaching the orifice from the
g ity external gas in the vicinity of the orifice.

= m exp< - > (18) We need to be more specific as to what is meant by “very

” low density.” The particles at infinity in the external gas
flowing relative to the probe will experience encounters
among themselves, and a mean free path between collisions
can be defined. We note that in the experiment the mean

fa

Cmp?
where ¢, = (2RT5)V? is the most probable particle speed
and Ty is the temperature in the enclosure. Hence the
number of particles emerging from the orifice in unit time is
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Fig.3 Variation of orifice probe pressure with orientation.

free path was 6.8 times the diameter of the probe (Kn., =
6.8). This value was sufficiently large to ensure collisionless
flow in the vicinity of the probe.

The significant feature of free-molecule flow is the emphasis
that a study of this subject places on particle-surface inter-
actions since this process dominates the motion. The orifice
probe experiment was designed to avoid this complex sub-
ject initially. Nevertheless it suggests a simple model for
particle reflection from a wall, which has been found to be
useful in analyzing some low-density flows. We can imagine
that the particles emerge from the surface as if they came from
a gas in equilibrium having the temperature and macroscopic
velocity of the surface analogous to the efflux of gas from the
gage volume of the orifice probe. Thus the distribution
function for the reflecting particles is given by (18), and is
illustrated by Fig. 1; the process is called “perfectly diffuse
reflection.”

In order to investigate this kind of reflection, let us con-
sider the free flux of particles through an axially symmetric
tube which connects a gas in equilibrium with a vacuum
(Fig. 4). Here a particle will collide many times with the
walls of the tube and may eventually reach the vacuum or
return to the gas.13-1%

Let the total number of particles striking the annulus be-
tween 2 and z -+ dz in unit time be {(z)dx. If there is no
adsorption or ablation, the number of particles reflecting from
the wall between = and x + dz in unit time is also equal to
{(x)dz. Now let P(z, [) be the probability that a particle
leaving the wall between z and -+ dz will pass through the
exit opening at x = ! without further encounters with the
wall. Then the number of particles reaching the vacuum
space in unit time from the annulus between x and x 4 dx
is P(z, I){ (z)dx, and the total number of particles that emerge
in unit time from the tube in the vacuum space and that have
collided with the wall of the tube is

J P@ i@ 23)

Now some of the particles will proceed directly through
the tube without striking the wall. Let this number be N,.
per unit time. Then the total number of particles that pass
through the tube into the vacuum space in unit time is

N® = No) + [ Pla, D@ @9

Proceeding along these lines we can calculate the formula
for an impact pressure probe aligned antiparallel to the direc-

Fig. 4 Particle flux
through axially sym-
metric tubes.

ATAA JOURNAL

P 6
n%la8 5 b4
R _ Free Molecule
8 4 Flow Theory / L&
< o D=00I / L
= o D:30 // ]
Luf ]
x
8 Z_L ,9& %
%] _ _Tube Diameter
I&.l : Mf/ D= e Length
o

0 +
0O Ol 020304 05 06 07 08 09 10 LI
SPEED RATIO, S

Fig. 5 Comparison of theoretically and experimentally
determined impact pressure ratios for a eylindrical probe.

tion of the external macroscopic motion.’6 If the probe is
cylindrical having a diameter d and length [, then

IE(Z’E)W WS, d/h
p\Ts)  Wlo, d/I)

The specific forms of W (S, d/I) and W(o, d/l) are rather ex-
tended and may be found in Ref. 12. A complete numerical
solution over a wide range of Mach numbers is given in Ref.
15. This relation has been checked out experimentally?” for
speed ratios up to about 1 in the UTLAS low-density tunnel
and found to be correct within experimental accuracy (Fig.
5). These experiments provided an over-all verification of
theory. A more detailed study of the flux process, involving
the use of an electron gun to determine the radial distribution
of density at the exit of the tube,' is summarized in Fig. 6.
We conclude that for the geometries and speed ratios tested,
the assumption of perfectly diffuse reflection seems to work
very well. Further caleulations for other axially symmetric
systems are reported in Ref. 19.

However, considerable evidence has now been accumulated
to show that although the assumption of perfectly diffuse
reflection may be adequate in some applications (in particu-
lar, internal flux systems), in general the subject of particle-
surface interactions is highly complex and still not under-
stood. Until research produces an improved technique, low-
density aerodynamicists will continue to use empirical ac-
commodation coefficients in their calculations. To intro-
duce these coefficients let us recall first that in perfectly
diffuse reflection the particles emerge as if they had come
from a gas having the same macroscopic state (temperature
and velocity) as the surface, i.e., the reflected gas was fully
accommodated to the wall. Thus each incident particle
appears to be temporarily “trapped” by the surface and many

(25)

_encounters with wall constituents oceur before the particle

joins the emerging gas. We can also imagine a mirror-like
or specular reflection in which each particle reflects as if it
came from a gas having a state identical with that of the
incident gas so that the emerging gas shows no accommodation
toward the condition of the wall. In diffuse reflection, the
ultimate angle of departure of a given particle from a surface
bears no relation to the incident direction, and the probability
that a particle will leave the surface with a particular orienta-
tion is proportional to the cosine of the angle made with the
normal to the surface. On the other hand, in specular re-
flection the normal component of velocity of the incident
particle is reversed in direction but unchanged in magnitude,
and the tangential components remain unchanged.
Maxwell® suggested that some particles might reflect
specularly and others diffusely. In other words, the emergent
gas was only partially accommodated to the state of the
surface. Proceeding along these lines, it is useful to consider
the reflected momentum and energy from an element of
surface as a linear combination of the corresponding quan-
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tities for specular and perfecﬂy diffuse reflection. Thus
" the normal momentum, tangential momentum, and energy
of the emergent gas are represented empirically as

pr = (1~ 0')p, + c'ps
7 =(1— 0)7e (rp = 0) (26)
e = (1 — a)e, + aes

where ¢/, o, and « are the normal momentum, tangential
momentum, and energy accommodation coefficients, respec-
tively, and are regarded as constant. Note that, in par-
ticular, ¢’, o, and « are all zero for completely specular re-
flection and all have the value 1 for perfectly diffuse reflection.

The value of the accommodation coefficients to the aero-
dynamicist is readily seen when we write down the expressions
for normal pressure and shearing stress on the surface element:

P =P+ 0r= 02— 0)ps+ d'p5
' (27)

T = Te — Tr = 0Tw

where p., Pr, 7. can be found using the appropriate dis-
tribution function [see (18) and (20)]. Introducing meas-
ured values of ¢’, ¢, and «, and integrating these expressions
over the whole surface of a body, we can determine the re-
sultant force. These calculations are based on the assump-
tion that there is no outgassing, adsorption, or ablation in-
volved in the reflection process so that the number of re-
flected particles equals the number of incident molecules.
This condition permits the calculation of ng for prescribed
values of 7., the component of S perpendicular to the surface
element and T... An abbreviated form of the drag coefficient
for an “infinite” cylinder transverse to the flow is given-by?

0'7r3/2<TB>”2 44+ ¢ — 2¢'
_——

Cp = V2 ~VES(S)  (28)

48 \T. S
Thus the free-molecule force on a body depends on surface
temperature Tz and «, as well as on the undisturbed condi-
tions of the gas flow, body geometry, ¢’ and o.

In a given low-density flow various forms of energy are
received and given up by the element of surface. There will
be impinging and actual reflected fluxes of molecular energy
€x, €, incident and emergent radiant energies R., R, and
heat conducted to or from the element of surface due to
sources inside the body, @. Thus the balance of energy at
the element of surface requires that

€m+Rm=€r+RT+Q (29)

This equation specifies 7’5 for given conditions at infinity and
known values of @ and €. In most aerodynamic calculations
T is taken to be constant over the whole surface. This is
acceptable if internal heat conduction is very rapid. Of
special interest is the equilibrium value of 7Tz, which is at-
tained when @ = 0. This value of T's applies to wind tunnel
tests in which no heat is supplied to the model. On the other
hand, the ambient value of T, for which T = T., is char-
acteristic of high-speed flight conditions in which radiant
cooling is dominant.

Not many experiments on the aerodynamics of bodies
strictly in the free-molecule regime have been made. How-
ever, the pioneering work of Stalder, Goodwin, and Creager
reported in Refs. 21 and 22 provides a comparison of theory
and experiment (Fig. 7) which must be regarded as satis-
factory when we consider the practical difficulties in meas-
uring very small drag forces. The theory indicated in Fig. 7
is based on an assumption of diffuse reflection such that ¢’ =
o = 1but a = 0.9, i.e., the particles emerge diffusely from
a gas which has a temperature different from the wall value.

2. Estimates of Satellite Drag

To the aerodynamicist, the hypersonic condition in low-
density flows is most important. According to the theory
discussed previously, the drag coefficient for a spherical
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Fig. 6 Radial distribution of density at the exit of a tube
measured with an electron gun and compared with free-
molecule theory.

satellite moving in an orbit, where the motion involves essen~
tially the interaction of neutral particles with the surface
of the satellite, should have the form

Cp=2—0¢" + o (30)

This relation is obtained from the expression for the free-
molecule drag coefficient of a sphere by allowing the speed
ratio S to approach infinity while 7s/7T. remains finite.
We see at once that Cp = 2 for both purely specular and
completely diffuse reflection. Schaaf® considers this result
to be misleading, but concludes that it does point up the im-
portance of particle-surface interactions.

Let us examine the estimates of the satellite drag coefficient
based on physical models of the surface interactions proposed
by Schaaf?® and Schamberg.?¢ Schaaf suggested a tentative,
high-energy interaction in which dissociation plays a role.
He assumed the satellite to be in an orbit where the at-
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cylinders and a comparison with free-molecule theory.
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mospheric oxygen is completely dissociated into atoms but
the nitrogen remains essentially in the molecular state.
The oxygen atoms reflect diffusely with respect to direction
but the energy accommodation is incomplete. The inter-
action of oxygen atoms with the wall is characterized, there-
fore, by a single accommodation coefficient a,. A similar
interaction is assumed for the nitrogen molecules except that
some of them (a fraction 3) dissociate on contact with the
surface. The energy of the reflected nitrogen atoms is re-
garded as negligible compared with the dissociation energy.
Thus the interaction of nitrogen with the surface is specified
by the two parameters ax, and 8. Schaaf then deduced the
following expression for the drag coefficient of a sphere in orbit:

21/2,,,.|:p0

Co=2+""201 — ag+
3 Lp

(1 - 5% - amw] (31)

where p, po, and px, are the densities of the atmosphere, oxy-
gen atoms, and nitrogen molecules, respectively.

In using (31) to obtain an estimated drag coefficient under
the conditions assumed, it is necessary to forecast values for
ap and ax, on typical engineering materials. We have
noted a value of 0.9 in the experiments of Stalder, Goodwin,
and Creager. But it is now realized that this value per-
tained to the experimental conditions that were influenced
by an adsorbed layer of gas on the test surface. Consider-
able experimental work has been done to determine «. A
compilation made by Hurlbut is reviewed in Ref. 3 where it
will be seen that the surface condition is all-important. A re-
view of the subject given by Hartnett? led to the conclusion
that most investigations suffered from one or more defi-
ciencies such as failure to specify the true surface condition,
ensure free-molecule flow, or eliminate the necessity for
large radiation corrections. Add to this the fact that no
tests have been reported as yet at the particle energies ap-
propriate to space flight and we understand the aerodynami-
cists’ problem in choosing a value for . However, it is felt
that the very low pressure surrounding orbiting vehicles, com-
pared with that reported so far in laboratory tests, and the
scouring effect of the high energy particles impinging on &
surface in space will produce a ‘“‘clean” surface such that
incident particles will interact primarily with the bare sur-
face constituents. It seems likely, therefore, that o will
be somewhat less than 0.9. Schaaf found that for o = 0.45,
an, = 0.5, C'p was about 2.6 for no dissociation and 2.1 with
complete dissociation. The significance of these results lies
in the stress they place on a better knowledge of particle-
surface interactions since the latter has an overriding in-
fluence on the aerodynamics of hypersohic vehicles in the
upper atmosphere.

Another approach to the subject of hypersonic drag in free-
molecule flow has been outlined by Schamberg. He pro-
posed a new model of the particle-surface interaction for the
case in which the flight speed is much greater than the most
probable speed of the random motion of the particles in the
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atmosphere (S — «). In fact, the random motion of the
incident particles is neglected, and they are assumed to ap-
proach the surface in the form of a parallel, uniform beam
with velocity u., and angle of incidence 6;. Schamberg then
assumed that the most probable angle of reflection of a par-
ticle (8,) lies between the most probable direction of diffuse
reflection (8, = 90° for all 8;) and the angle of specular re-
flection (8, = 6,) (Fig. 8). Suggested by surface interaction
experiments made by Hurlbut® on the clean surface of a
lithium fluoride crystal in which the re-emission differed ap-
preciably from the diffuse reflection (cosine) law, Schamberg
further assumed that the distribution of reflected particles
is symmetric about the axis of the beam. Finally the lack
of adequate experimental information necessitated the
interim assumption that the speeds of all emerging particles
is the same, independent of ¢ (Fig. 8). Schamberg then
deduced a “hyperthermal” drag coeflicient having the gen-
eral form

- Cp = 2 4 f(a, v, ¢, body shape)
(32)
U/ U = (I — ) V2

The first term is the contribution to the drag coefficient due
to the incident beam of particles. It would be the value of
Cp if all particles stuck to the surface and it is independent
of body shape and the surface interaction. The second term
is the contribution made by the reflected particles and, here,
the surface interaction parameters and body shape play a
significant role. In the case of the sphere Schamberg esti-
mates that for« = 1, Cp = 2, but for a < 1, Cp > 2. Itis
interesting that in this hypersonic model of the surface inter-
action « is the accommodation coefficient retained in the
theory. A caleulation of Cp for a flat plate and a finite
cylinder in addition to the sphere led to the conclusion that
the drag coefficient is influenced much more by the changes
in surface interaction than by variations in body geometry.
Schamberg further concludes that questions of atmospheric
composition are secondary to the accurate predietion of «.

cosl; = (cosh,)”

3. Thermal Accommodation Coefficient

The preceding speculation on the drag of a sphere in hyper-
sonic, free-molecule motion has been useful in emphasizing
the importance of the energy accommodation coefficient to
the aerodynamicist. We will now give some attention to
recent experimental investigations and theoretical studies
of this coefficient. Our previous considerations lead us to
suspect that in the free-molecule, hypersonic regime two
essential requirements must be met in laboratory tests: 1)
the surface must be clean, its condition fully specified and
reproducible; and 2) incident particles must have energies
appropriate to hypersonic motion. Some excellent reviews
of the literature are available? 2 and we must conclude
from these that, because of practical difficulties, conditions
1 and 2 have not yet been met. It is clear that the labora-
tory simulation of aerodynamic conditions in space is now
an urgent requirement of considerable importance.

The subject of the effect of surface conditions on the ac-
commodation coefficient of the inert gases has received at-

Table 1 Accommodation coefficients for helium on
various prepared metal surfaces at room temperature
obtained by a number of authors?

Metal Accommodation coefficient «
Tungsten 0.017
Platinum 0.038
Aluminum - 0.073
Beryllium 0.145
Potassium 0.083
Sodium 0.090
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tention by a number of experimenters and the most reliable
results from various references have been summarized by
Wachman.?” Table 1 shows the results for helium on various
clean metals. * The surfaces in the first and second items in
Table 1 were prepared by flashing, and the remainder by
evaporation on platinum or tungsten. It is noted that «
is very much below the value 0.9 inferred previously for air
from wind tunnel tests.

The importance of surface condition is further emphasized
by the more recent work of Datz, Moore, and Taylor.?® As
a beam source they used a tungsten furnace which could be
heated to about 3000°K corresponding to a particle energy
approaching 0.5 ev. Angular distributions measured for
helium and deuterium reflecting from a polished polyerystal-
line platinum surface showed interesting properties. The
effect of both surface and beam temperatures is illustrated in
Fig. 9 for the case of helium. It will be seen that at room
temperature the reflection was diffuse but an increase in sur-
face temperature to over 1000°C produced a strong tendency
toward fully specular reflection. This tendency was further
increased by raising the beam temperature. The authors
concluded that the test surface was smooth down to atomic
dimensions, that the essential effect of higher surface tem-
perature was to drive off adsorbed contaminant gases, and
that the effect of higher beam temperatures was to reduce
the “residence time’’ of the impinging particles on the surface.
The authors also investigated the effect of angle of incidence
on the reflection of the relatively energetic particles on a
clean surface and found that the tendency toward specular
reflection increased with the angle of incidence. It is inter-
esting that the pattern of angular distributions obtained in
this experiment gave support to Schamberg’s reflection model
discussed previously.

A number of theoretical studies of particle-surface inter-
actions have been made. Both quantum and -classical
formulations of the problem have been attempted. The
quantum method was initiated by Jackson® and developed
by Devonshire.38 Mathematical complexity led to the
introduction of many simplifying assumptions with a resultant
loss in physical insight. Furthermore, Devonshire’s results
do not appear to give results consistent with clean surface
measurements. Both objections are alleviated by a classical
approach?, 3% 3% using appropriate potential fields around
participating particles and a lattice representation of the
solid.

Goodman’s perturbation theory for the thermal accom-
modation of light gases has led to quantitative agreement
between classical theory and experiment. He adopted a re-
flection model such that the impinging flux of molecules is
represented as a stream of particles, each having the same
velocity consistent with the gas temperature. Thus no ac-
count is taken of an initial distribution of particle velocities.
The surface is represented as a three-dimensional semi-
infinite lattice initially at rest (0°K). An incident particle
is assumed to impinge on a surface particle in a direction nor-
mal to the surface such that no other surface particles “feel”
the influence of the force field around the incident particle.
In the first approximation the lattice is considered to remain

90° 90°
aT,=25°C b TIB70°C ™\ 45°
oTpy=25°C . .
Ty =I180°C : ° X
T «25°C
32 3R ©1080°C

Fig. 9 Angular scattering of helium particles from a
polished polycrystalline platinum surface.
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Fig. 10 Thermal accommodation of helium particles on
nickel vs gas temperature.

at rest throughout the interaction and the force on the lattice
due to an approaching and receding gas particle is a known
function of time. In the second operation this force is per-
mitted to act on the free lattice. The resulting increment in
lattice energy is determined and assumed to be equal to the
energy lost by the particle. Inherent errors in this per-
turbation method restricted the theory to light gases and
small thermal accommodation coefficients. A comparison
of the theory with experiment involved a choice of a charac-
teristic quantity of the Morse potential function to obtain
the best fit. The variation of the thermal accommodation
coefficient with gas temperature (7') calculated by Goodman
agrees well with experiment for He/N;, He/W, and
Ne/W.2* The case He/N; is illustrated in Fig. 10. Further
comparisons appear to be necessary, however, in view of the
uncertainty of the cleanness of the surface in the experiments.

Of special interest to the hypersonic aerodynamicist is the
theoretical work of Oman, Bogan, Weiser, and Li,3% 3% which
applies to hypervelocity flight where incident molecular
energies are much larger than the thermal energies in the
atoms of the solid and the collision is of short duration.
Starting with a wide range of initial input conditions they
have caleulated a large number of molecular trajectories for
particles interacting with an ideal crystal surface using a
digital computer. The solid is represented by an Einstein
lattice, i.e., each surface atom is regarded as a three-dimen-
sional harmonic oscillator with a linear restoring force. A
Lennard-Jones 6—12 potential is adopted for the interaction
between an impinging particle and each lattice atom. The
total force on the incident particle arises from all the forces
exerted by the surface atoms, each of which interacts only
with the gas particle. At large distances between the gas
particle and the lattice, the solid medium was represented
as a semi-infinite continuum exerting a van der Waals force
of attraction. At intermediate distances, a composite of
the continuum potential and the Lennard-Jones potential was
used. No account is taken at this stage of the calculations of
effects due to surface roughness and contaminants, internal
degrees of freedom of the particles, electron interactions,
sputtering or chemical effects. The general conclusion of
the authors was that full-scale numerical computations of
gas-surface interactions were practicable and useful. The
method opens the way to a systematic study of the various
parameters controlling the interaction. A study of flux and
energy distributions after interaction showed that the repre-
sentation of the process as a linear combination of specular
and diffuse reflection was oversimplified. Their calculations
also indicated that any comparison of theory and experiment
was possible only if the experimental conditions could be
accurately assessed. In particular, a measurement of an
accommodation coefficient at ordinary thermal energies
could hardly be applied to the case of a satellite.
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In some later work, Oman, Bogan, and Li3% have made a
series of calculations for the inert gases argon, neon, and
helium impinging on nickel over a range of incident energies.
Table 2 presents a comparison of some of the results for
helium in rounded-off figures for one incident angle. Such a
calculation is useful in showing the importance of the ratio of
incident particle mass to the lattice atom mass. It is inter-
esting that the results showed several “bounces” under
some conditions, each involving a decrease in particle energy,
and the possible failure of the gas particle to separate from
the wall. Thus the possibility of a “trapped state”’ was
suggested by these calculations. The momentum accom-
modation coefficients o/, o are noticeably different from each
other and from the frequently assumed value of 1.0.

Despite the usefulness of the accommodation coefficients
and the promise of more recent research, a rigorous formula-
tion of the boundary conditions for a kinetic theory of free-
molecule flow requires an expression for the distribution of
velocities for particles leaving the surface of a body or wall.
Thus the macroscopic properties of the motion around a body
can be calculated at any prescribed point if f., and fz are
given and used within their respective cone angles. At
present, experiments on particle-surface interactions yield
" only a measurement of the number density of particles within
a specified angle of reflection and at most the associated
average particle velocity.

III. Transition Regime

1. Boltzmann Equation

We have seen that the solution of problems in the free-
molecule regime involved a reduced form of the equation for
the single-particle distribution function (17) and the ap-
propriate boundary conditions. If now interparticle collisions
are to be considered, we must return to (12) and obtain an
expression for the force term. We note first that although
F(t) can be determined for an initial #(0) from the Liouville
equation (9), the equation for the single-particle distribution
funetion F, involves the unknown F,g, which must be found
before Fq(t) can be calculated for an initial F,(0). An at-
tempt to find an equation for ¥,z by the method used to ob-
tain (12) would yield a relation containing Fog,, and so on.
In fact we would deduce a sequence of equations for F,,
Fop, Fapy, . . ., which would replace Liouville’s equation.
Now we have seen that Boltzmann’s single-particle dis-
tribution function provides us with the requisite macroscopic
information about a gas flow. Clearly, to avoid considerable
mathematical complexity, it is desirable to assume that only
binary collisions are important so that only F,, F,g are re-
tained and, further, that the colliding particles are statistically
independent such that F,s = F,Fg (molecular chaos). Then
(12) becomes

OF, oF,
> + E"'OT(,X +

S 1 oF,

2 o se [ Rebstuat = 0 3)
B#a

We will also introduce a truncated, single-particle dis-
tribution function which applies to a 6(¥N-1)-dimensional
domain D containing all states of particles 1,2, . .., « — 1,
a + 1, ..., N such that no particle is closer to the ath par-
ticle than d, a length specified by the molecular collision
model adopted in a specific problem. For hard sphere
molecules d is the diameter. Then the truncated, single-
particle distribution function for the ath particle is defined as

Fo M (x,, £, 1) = fD Fdx,...dXe—1 d%Xar1...dXx
d& .. . déa—1dEat1...dEx (34)

ATAA JOURNAL
If now we integrate Liouville’s equation (9) over the domain
D we obtain

OF, ¢ OF 2
o T & X4

+
W =) [, Faslc — &)-05, 45 35)

which holds if the particles are identical and a finite cutoff is
applied to the interparticle force. The integral is taken over
a sphere of radius d. If we write V = & — &, and introduce
polar coordinates in the diametral plane perpendicular to
V, then (35) becomes

oF, OF,
S PR = W = [ Faalte 30 B 87 —
Fop(Xa, X587, &ay &) 1VdwdEs  (36)

where we distinguish between approaching and receding
particles by the superseripts minus sign and plus sign,
respectively. Making use of the condition for molecular
chaos and changing to Boltzmann’s single-particle distribu-
tion function we have the Boltzmann equation:

of of 1 e ,
24+ ed -~ & [ e - e vdeds (67

where only binary collisions are considered and the primed
velocities are the final values after encounter.
We can write the Boltzmann equation in the form

of of _

ST ES = W+ (38)

where vf and g, both functions of &, z, ¢, are, respectively, the
number of particles lost and gained in unit time from unit
volume about x, in a definite velocity range d€ about &, and
v(&;, z:, t) is the number of encounters for a molecule in unit
time, or collision frequency.

2. BGK Kinetic Model for Collision Processes in Gases

The mathematical problem is to solve (38) for the dis-
tribution function f(x, &, ¢) subject to appropriate boundary
conditions. The macroscopic properties of the gas flow are
then obtained from (14), (15), and (16). The Boltzmann
equation has been the subject of considerable investigation
(Ref. 1). However, the complexity of the problem has been
such that only simple molecular models have been considered
and usually some form of expansion technique was used.

A model for collision processes in gases, proposed by
Bhatnagar, Gross, and Krook (BGK),38 is of special interest to
the aerodynamicist since it gives promise not only of extending
our understanding of transfer processes from the free-molecu-
lar into the transition regime, where both interparticle and
wall collisions are significant, but also into the continuum
regime where interparticle encounters are predominant.
Rott3" has shown that an inversion of the Boltzmann equation

Table 2 Accommeodation coefficients for inert gases
on nickel computed for one incident angle (8, = 45°)

(Ref. 35)
Gas Incident
particle energy (ev) Ei/E; o’ ¢
He 2.0 0.12 2.05 0.34
8.0 0.13 2.07 0.48
Ne 2.0 0.40 1.89 0.22
8.0 0.40 1.97 0.29
A 2.0 ... - ...¢
8.0 0.57 1.58 0.18

¢ Trapped condition.
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given by Wild® can be used for an iterative solution, the first
step of which leads to the BGK equation.

Wild’s inversion expression relates the distribution function
to g(&, x; — &7, t — 7), i.e., g retarded by the time interval
7, and Ah(&;, %;, §, 7), which is the probability a molecule will
not experience a collision between the positions z; — &7 and
2; in the time interval between ¢ — 7 and t,

7= 7 gtrrhar (39)

This equation states that the distribution function is the re-
sult of a superposition of distribution functions ¢ of molecules
that experienced collision, retarded by the time interval r,
weighted by the probability A. Using the properties of A
and retarded functions, it can be shown that (39) is another
form of the Boltzmann equation (38). The first iteration of
faccording to (39) has the form

f(l) = j;w V,ec(o)(T)frec(O) (T)h(o)dT A(40)

where f(© is the local Maxwellian distribution function and
in Maxwellian free-molecule motion g = »©@Of®,  Revert-
ing from (40) to the Boltzmann form (38), we have

FeTae df W
A R

which is the BGK equation.

We see that the right-hand side or collision term in the
Boltzmann equation has been altered. In fact, if we re-
place V by V,, in (37) for hard sphere molecules, we deduce
(41) if, further, it is assumed that the distribution function
for molecules coming from collisions is Maxwellian. Physi-
cally interpreted, (41) expresses explicitly the fact that particle
collisions tend to relax the distribution function to that cor-
responding to local and ultimately absolute equilibrium.

The modified collision terms in (41) are such that particle
number, momentum, and energy are conserved in each col-
lision. If Q(¥) is a summational invariant with respect to
a collision, then

S QO™ — foldEg =0 (42)

if » is independent of & Thus if @ = m, we obtain (14)
by actual integration of f f©dg, and substitution in (42).
Similarly, if Q@ = mé&;, m&:E;, and m&£E:, we obtain (15) and
(16), respectively. Furthermore, if @ = logf, then

S U® = fO] logf®OdE =
S O — fO] logf®/fOdE < 0 (43)

and we see that the H theorem is also valid.

The application of the BGK equation to a particular prob-
lem will involve a selection of the collision frequency », which
depends on appropriate physical quantities that character-
ize the problem. For example, it could be identified with
the reciprocal of the freestream, Maxwellian relaxation time.

3. Hypersonic Aerodynamics in Nearly Free-Molecular
Flow

We will now consider two methods of treating the Boltz-
mann equation using the BGK kinetic model in some form to
simplify the mathematical method. The following examples
are concerned with the perturbation of the free-molecular
distribution function produced by interparticle collisions
that, although few in number, are not negligible. The asso-
ciated flow is called nearly free-molecular motion.

In nearly free-molecular flow, the distribution function at
a point will depend very much on whether or not the particle
velocity vector lies within the solid angle Qg subtended by
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the body at the point and is directed away from the surface.
Willis?*~4! divides the particles into two classes: class B,
which includes those whose velocities lie within Qr; and class
C for all others. Thus the contribution to the collision term
by class B particles is (n const):

— ﬂfB(nB Wsr + nc’ch) + 7](7&32 wgp Pep +
2n5 ne wse Pre + ne? wee Bee)  (44)

where

m 3/2 m
Py = (M—Tw> exp[‘m (£ — Uﬁ)z] (45)

A corresponding expression for C particles is obtained by
interchanging B and C. The macroscopic properties of the
flow at the point in question are given by the following rela-
tions based on net conservation:

= fszifdg

6kT; 1
m o Jos &= woysaE £ ,1; fw (£ — uy)2dg (46)

m

1 1
2u; = - [ £ag + o S € 1

Willis then wrote the Boltzmann equation (with the modified
BGK term indicated previously replacing the collision term)
in the form of an integral equation and applied a method of
sucecessive approximations.

An alternative method was proposed by Grad4 and
developed by Sirovich® and Rose,*t the latter’s work being
based on the assumption that ¢ < s < \;, where o is a
characteristic body dimension; sis the position at which fisto
be determined, measured from an origin of coordinates in the
body; and X is the mean free path. Then the action of the
body on the gas may be represented by a point source function
that can be added to (41) to represent the effect of the body,
i.e., we can write for steady motion

of
£ = O — 0] + (D) (47)

where §(x) is the Dirac delta function and {(£) is identified
with the net mass radial flow from the origin. Furthermore,
this assumption permits the linearization of the preceding
equation about values at infinity where the motion is Max-
wellian.

Using the previous methods, the hypersonic drag of a
sphere has been determined by Willis and Rose. It was
assumed that the particles reflected perfectly diffusely from
the surface of the sphere (T, = T, @« = 1). They obtained,

Willis (Sz 2> 2)

Cp(sphere) =
(0.165 Sz + 1.44 — 1.13/83)
(SKne)

(48)

CDFM -

Rose ‘
Cp(sphere) = Cppy — (0.33Ss — 0.12)/S.Kn., (49)

where Cpy,y, is the free molecule drag of the sphere for o = 1,
and

2=mum2 _)\—m .
= = oRT. Kno =757 (50)

. MUE
85* = ok,
Willis’ relation was obtained by fitting numerical results.
These results have been compared# with experimental ob-
servations made by Kinslow and Potter.# Figure 11 shows
that both statistical models discussed previously give values of
Copy — Cp, which are relatively close to the measured values.

The hypersonic drag of a cylinder is an interesting case
since it introduces the effect of body shape. This has also
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Fig. 11 Variation of the hypersonic drag of a sphere with
‘ the Knudsen number.

been considered theoretically by Taub® and Rose,¥ their
results being restricted still to nearly free-molecular motion.
Willis®® had obtained an hypersonic drag relation for a two-
dimensional strip oriented perpendicular to the macroscopie
motion in the form

Co(cylinder) = Cppy — H(S., S5)[8 log(8/85)]  (51)

where H is a tabulated function and

1fxT N\ 1
8= ?4<TB> fon (52

This form was also confirmed for the infinite cylinder. Terrms
of order B8 have been assumed to be negligibly small compared
with 8 logf, a restriction that will limit the validity of the
theory. A detailed experimental investigation over a wide
range of Knudsen and Mach numbers was carried out by
Maslach and Schaaf®® and later with improved techniques by
Tang®. A comparison of the Willis-Taub theory with ex-
periment for nearly free-molecular flow for 1.0 < Kn. < 100,
M =210 is shown in Fig. 12 (see Ref. 41). The agreement
is reasonably good down to Kn., = 2 with a steady divergence
at Kn., < 2 as would be expected. It is important to note,
however, that both theory and experiment were done for the
case of diffuse reflection which probably deviates from the
true situation in hypersonic flight.

The cylinder drag formula obtained by Rose for hyper-
sonic, nearly free-molecular motion with diffuse reflection
has the form

0.25/ T, \Y? b
Cofeytinder) = O = 222 72Y o 2 4 1+ 02/ |
53)

with the restriction that b/a (i.e., length/radius) <« Kny2
Since we are interested in the possible effect of body shape,
Fig. 13 has been prepared to show the effect of cylinder
length/radius ratio. We see that the drag coefficient of a
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Fig. 12 Hypersonic drag of a cylinder over a range of
Knudsen numbers.
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Fig. 13 Effect of the length/radius ratio on hypersonic
cylinder drag at large Knudsen numbers.

cylinder departs more and more from the free-molecule value
as the length/radius ratio is increased and the Knudsen num-
ber decreased. Both effects lead to a Cp less than Cp,,,.
For further studies of the effect of body shape the reader’s
attention is directed to Ref. 51.

The equilibrium temperature of the cylinder has been deter-
mined by Willis et al.** using Taub’s results.® Following
along lines similar to those outlined previously, the normal-
ized equilibrium temperature was found to be given by

Teg — Tey(Kn, = 0)
Teo(Kne— @) — Toq(Kne, = 0)

= 1 4 G(S«, Sz)B logh
(54)

A comparison with experimental results obtained by Dewey??
shows that the theoretical results fall within the range of
seatter for Kn., > 5. The theory succeeds only in indicating
the trend of the variation of the normalized equilibrium
temperature with 1/Kn., for nearly free-molecular motion.

4. Expansion Flows in the Transition Regime

The aerodynamic problems in Sec. 3 involved only a small
departure from free-molecule motion. We now investigate
the application of the BGK equation (41) to the study of
flows in the transition range between continuum and free- .
molecule flow. As an example we shall consider the free,
spherically symmetrical, steady expansion of a monatomic
gas from an inviscid, equilibrium flow to a free-molecular,
nonequilibrium motion. An important simplifying feature
of this example is that particle-surface interactions are not
involved in the theory and that the assumption of spherical
symmetry is an acceptable approximation, which makes the
problem reasonably tractable®® and retains the essential
physical characteristics of the motion. A knowledge of the
free expansion of jets into a vacuum is important in the de-
sign of rocket exhaust systems and molecular beam facilities.
In the past the expansion flow has been calculated using con-
tinuum theory.

‘We will present here a method given by Brook and Oman.5
They have considered the BGK equation in the dimension-
less form

ko(de/dz) = ® — ¢ (55)

where for spherical symmetry
¢ = O & = (56)
v =§&/u x=r/L ' (67)

where u is the local mass velocity, and L is a characteristic
length defined in terms of the local temperature gradient

L = T/dT/dz) (58)
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Fig. 14 Theoretical model of the transition expansion
flow in a nozzle.

The convective terms on the left-hand side of (55) represent
an approximation which the authors have shown to be rea-
sonable for moderately high Mach numbers. Also « has
the form u/vL. The parameter » has been investigated by
Narasimha® who determined the Chapman-Enskog ex-
pansion! for the BGK model and suggested that an appro-
priate, low-density form for » is 3p/u, where p is the pres-
sure and u the viscosity. Thus

k=22 (59)

Tt will be seen from (55) and (59) that nonequilibrium flow
arises from two sources: 1) large dT/dx and 2) large u/p
(or low collision frequency).

The conditions under which the problem was solved are
indicated in Fig. 14. We consider that the kinetic theory
applies to the radial flow downstream from the throat of an
ideal supersonic nozzle. The flow is assumed to be inviscid
(equilibrium), continuum motion up to an arbitrarily selected
initial station a,, i.e., up to this point the continuum relation

(1_ﬁ2>@+%=0 60)

a?/dr r

is taken to be valid. The nozzle is “ideal” in the sense that
the postulated physical conditions could only be achieved
in practice if the particles reflect specularly from the walls.
It will be noted further that at the sonic line (Fig. 14), d7/dx
— o and, hence, the initial station must be downstream of
the sonic line (z, > z* where the starred quantity is evaluated
at u = a).

Brook and Oman used an iterative procedure on a digital
computer with argon as the test gas. Their results showed
that, despite the local decreasing collision frequency that
accompanies the expansion, the variation of density and mac-
roscopic velocity with radial position are still essentially the
same as that calculated by the continuum theory. On the
other hand, the computations showed that the temperature
deviated from the continuum value. It approached an
asymptotic value as the collision frequency decreased, de-
parting from the continuously decreasing temperature of
continuum flow and from equilibrium. The transition from
continuum, equilibrium motion to free-molecular, ‘“frozen”
flow was sudden as is indicated in Fig. 15 for a stagnation
temperature of Ty = 1000°K for three sonic Reynolds num-
bers. It will be noted that these calculations leave some
uncertainty as to the final (asymptotic) downstream tem-
perature depending on the choice of 2, (see S,, Fig. 15).

We see that much of the expansion oceurs in the continuum
regime and that subsequent changes in stream velocity are
small. Furthermore the conservation of mass relates macro-
scopic velocity and density and, hence, the ultimate density
is close to the value calculated by continuum theory. But
the kinetic effect due to a decreasing collision frequency does
lead to a frozen (constant-temperature) state. The final
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Fig. 15 Calculated transition of temperature in a nozzle
from continuum, equilibrium motion te ‘‘frozen,” non-
equilibrium flow.

asymptotic temperature is primarily dependent on the sonie
Reynolds number. The caleulations also showed a smaller
dependence on stagnation temperature and some influence
of the selected position of the initial station (Fig. 14) on the
final asymptotic temperature.

Experimental evidence that the temperature and Mach
number freeze in a free supersonic jet has been given by
Anderson, Andres, Fenn, and Maise.®® They investigated
the flow of a jet of argon from a sonic nozzle (outlet diameter
0.77 mm, stagnation pressure 10 Torr) using a time-of-flight
system developed by Becker and Henkes.® The resulting
velocity distributions were found to be unchanged over the
range from 13 to 40 nozzle diameters downstream from the
outlet. It was concluded that Mach number and static
temperature had frozen somewhere upstream of 13 nozzle
diameters. A review of a series of results led Anderson et al.
to a correlation of the asymptotic Mach number with a
Knudsen number (Kn.) based on the stagnation mean free
path and nozzle diameter. This correlation is illustrated
in Fig. 16. The theoretical results of Brook and Oman and
the preceding experimental studies were presented recently
at the Fourth International Symposium on Rarefied Gas
Dynamics and a direct quantitative comparison is not yet
available.

Information such as that just deseribed has opened the
way for new developments in the design of molecular beam
facilities. Surveys of this subject have been prepared.®—

5. Transition through a Plane Shock Wave

The variation of the macroscopic quantities through a plane
shock layer has been the subject of considerable study.s!. 62
The simplification introduced by one-dimensionality permits
the retention of much of the physics of the problem. Fur-
thermore the absence of solid boundaries eliminates diffi-
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Fig. 16 Correlation of ““frozen’’ (asymptotic) Mach num-
ber with the Knudsen number based on the stagnation
mean free path and the minimum nozzle diameter.
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culties arising from an incomplete knowledge of particle-
surface interactions. On the other hand, since there is no
geometrical dimension for reference purposes, no simple con-
dition is available to establish limiting regimes, such as free-
molecule flow or continuum motion. The results must be
judged according to mathematical consistency or by com-
parison with experimental results. The shock transition
problem has been of considerable interest to specialists in
rarefied gas flows because the physical properties of the
motion can best be investigated in a low-density tunnel
where the large thickness of the shock facilitates probing
techniques.

The structure of the plane shock layer has been investi-
gated by Liepmann, Narasimha, and Chahine$3~% using the
BGK model for Boltzmann’s equation and comparing their
results with those derived from the Navier-Stokes equation of
continuum theory. The transition problem involves the
connection of one Maxwellian flow state with another by a
nonequilibrium process. These authors represented the
transition by 1) the Navier-Stokes equation, which applies
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Fig. 17 Calculated temperature transition through a
plane shock wave.

only if the ratio shearing stress/pressure is small, and 2) by
the BGK equation in which » is chosen equal to p/u. Navier-
Stokes profiles were obtained by the method of Gilbarg and
Paolucci® starting with the saddle-point singularity on the
downstream, high-pressure side of the layer and proceeding
to the final state on the upstream side. Then BGK profiles
were determined by an iterative method (that was adapted
later by Brook and Oman for their expansion problem4), start-
ing with the known Navier-Stokes solution and proceeding
upstream as before to lower pressures.

Liepmann et al. found that at & Mach number of 1.5 the
Navier-Stokes and BGK transitions are almost exactly the
same. However, at higher Mach numbers a noticeable

difference occurs on the low-pressure, upstream side of the

point of maximum slope, the two calculated transitions on
the high-pressure, downstream side being essentially the
same. This effect is illustrated in Fig. 17 for the tempera-
ture transitions through the shock layer in argon at M; =
10. The subscript 1 refers to the initial upstream state.
On the other hand, the maximum slope of the transition pro-
file remains sensibly the same for both methods. If the
thickness of the shock layer is defined in terms of this maxi-
mum slope, then both methods give essentially the same
value. It seems more reasonable to base the shock thick-
ness on the area under the profile as was suggested by Grad
and, in this case, the more accurate BGK method for the
higher Mach numbers gives a greater shock thickness. The
authors noted that the profiles showed smaller deviations
due to kinetic effects for velocity (and density, therefore)
than for temperature.

" Although useful experimental information has been reported
by Sherman,” who measured the temperature transition at
M, = 3.7, his results can be said to provide only qualitative
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confirmation of the computations described previously.
Recently Schultz-Grunow and Frohn® measured the density
distribution through a shock wave traveling through rare-
fied argon in a shock tube for 1.65 < M; < 9.5. Satis-
factory agreement with the previously described computations
was apparently not obtained. However, density measure-
ments present difficulties since they must be measured very
accurately (to a few percent). Also, the experimental re-
sults were compared with density profiles obtained from the
BGK velocity distributions using a continuum equation.
It is evident that experimental measurements of tempera-
ture are preferred since here the computed deviation due to
kinetic effects was largest.

IV. Conclusions

The view of the mechanics of rarefied gases presented
here has outlined a procedure for solving problems in this
field which emphasizes a direct solution of the Boltzmann
equation for the single-particle distribution function in ac-
cordance with prescribed boundary conditions and the
subsequent evaluation of the macroscopic properties of the
flow from the various integral moments of f taken with
respect to the particle velocity [see Eqgs. (14-16)]. The gas
has been assumed to be highly rarefied, and extensions of the
Navier-Stokes equations of continuum fluid mechanics to
the slip flow regime have not been reviewed. Also applications
of Grad’s thirteen-moment method or the Burnett expansion
are not considered.l; %%, ™ The emphasis placed here on the
BGK model of the Boltzmann relation is not intended to
detract from other useful methods such as the Monte Carlo
system.16

Glancing back over what has been said previously, it is
apparent that our study of free-molecule motion has pointed
up the importance of the particle-surface interaction. The
time has come for a courageous study of the complex gas-
solid interface from which aerodynamic boundary condi-
tions (fz) can be derived. Theoretical work, such as that of
Oman et al. and Goodman, should be extended. It is also
important that laboratory simulation of the hypersonic inter-
action be achieved. A molecular-beam technique for doing
this is already well developed and work of considerable inter-
est is now in progress.®~%® In particular the body surface
condition must be as well understood and reproducible as
the flow characteristics.

Although, from the point of view of flight in the upper
atmosphere, free-molecular motion may not appear to be
very significant, yet it forms the starting point for an under-
standing of the aerodynamics of the transition regime where
iterative procedures depend on a knowledge of the free- -
molecular state. It is the writer’s view that a knowledge
of free-molecule flow in and around a wide range of geometri-
cal configurations is just as essential as for the case of con-
tinuum motion. In particular, internal flow systems prob-
ably involve adsorbed gases and “dirty”’ surfaces so that the
assumption of diffuse reflection is likely to be justified.

It is clear that the BGK equation has opened the way to
tractable methods of investigating transition flows which
yield valuable physical information. Despite our uncertain
knowledge of particle-surface interactions, much can be
learned by further studies of this equation, assuming diffuse
reflection in the interim. However, it is not the author’s
intention to overrate the importance of the BGK model
of the Boltzmann equation. The latter is still nonlinear and
contains much of the difficulty inherent in the original Boltz-
mann equation, the solution of which is the ultimate require-
ment.
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